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Abstract
We calculate asymptotic expansions of elliptic genera for a super-
symmetric sigma model on the N− fold symmetric product SNM of
a Ka¨hler manifold M and for N = 2 superconformal field theory.
Asymptotic expansions for the degeneracy of dyonic black hole spec-
trum are also derived.
I. In this note we use an identity proved in [1] that equates elliptic
genus partition function of a supersymmetric sigma model on the N -fold
symmetric product SNM of M ( SNM = MN/SN , SN is the symmetric
group of N elements) to the partition function of a second quantized string
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theory on the space S1⊗M . The generating function of these elliptic genera
is almost an authomorphic form for O(3, 2, Z) T− duality group. We shall
derive asymptotic expansion of elliptic genus as well as asymptotic growth
for the degeneracy of dyonic spectrum in four-dimensional N = 4 string
theory. It is known that the counting formula is manifestly symmetric under
the duality group; we wish to present its asymptotic growth in explicit form,
which reproduces the macroscopic Bekenstein-Hawking entropy.
We start with a supersymmetric sigma model on SNM . The Hilbert
space of an orbifold field theory can be decomposed into twisted sectors
Hγ, that are labelled by the conjugacy classes {γ} of the orbifold group
SN [2, 3, 1]. For given twisted sector one can keep the states invariant
under the centralizer subgroup Γγ related to the element γ. Let H
Γγ
γ is
an invariant subspace associated with Γγ ; the total orbifold Hilbert space
takes the form H(SNM) =
⊕
{γ}H
Γγ
γ . Taking into account the group SN
one can compute the conjugacy classes {γ} by set of partitions {Nn} of
N , namely
∑
n nNn = N , where Nn is the multiplicity of the cyclic per-
mutation (n) of n elements in the decomposition of γ: {γ} =
∑s
j=1(j)
Nj .
For this conjugacy class the centralizer subgroup of a permutation γ is
Γγ = SN1
⊗s
j=2
(
SNj >✁Z
Nj
j
)
[1], where each subfactor SNn and Zn permutes
the Nn cycles (n) and acts within one cycle (n) correspondingly. Follow-
ing the lines of Ref. [1] we may decompose each twisted sector HΓγγ into
the product over the subfactors (n) of Nn-fold symmetric tensor products,
HΓγγ =
⊗
n>0 S
NnHZn(n), where S
NH ≡ (
⊗N H)SN . Let χ(H; q, y) be the parti-
tion function for every (sub) Hilbert space of a supersymmetric sigma model;
q = e[τ ], y = e[z], and e[x] ≡ exp[2πix]. It can be shown that the partition
function coincides with the elliptic genus [4, 5, 6, 7, 8, 9].
In general the genus is a homomorphism: Ω 7→ C, where Ω is the Thom
ring of oriented cobordisms. The following relations for the genus hold:
χ(M1
⊔
M2; q, y) = χ(M1; q, y) + χ(M2; q, y), (1)
χ(M1
⊗
M2; q, y) = χ(M1; q, y) · χ(M2; q, y), (2)
χ(M1; q, y) = χ(M2; q, y) if M1 and M2 are cobordant. (3)
The elliptic genus admits the following identities:
χ(H
⊕
H′; q, y) = χ(H; q, y) + χ(H′; q, y), (4)
2
χ(H
⊗
H′; q, y) = χ(H; q, y) · χ(H′; q, y). (5)
For any vector bundle V over a smooth manifold we can define formal sums
∧
q
V =
d⊕
k≥0
qk
∧k
V, SqV =
∞⊕
k≥0
qkSkV, χy(TM) =
d⊕
s=0
(−y)sχ
(∧s
TM
)
, (6)
where TM is the holomorphic tangent bundle of Ka¨hler manifold M of com-
plex dimension d,
∧k (Sk) denote the k-th exterior (symmetric product).
Note that for a Calabi-Yau space the χy− genus [10] is a weak Jacobi form of
weight zero and index d/2 and it transforms as χy(TM) = (−1)
r−dyrχy−1(TM).
This relation can also be derived from the Serre duality Hj(M ;
∧sTM) ∼=
Hd−j(M ;
∧r−sTM).
The Riemann-Roch-Hirzebruch theorem:
χ(M ; q, y)
def
=
∑
(−1)jdimHj(M ;Eq,y) =
∫
M
ch(Eq,y)Td(M), (7)
gives an equivalent definition of the elliptic genus. The bundle Eq,y of a
characteristic class is
Eq,y = y
− d
2
∞⊗
n≥1

∧
−yqn−1
TM
∞⊗
n≥1
∧
−y−1qn
T ∗M
∞⊗
n≥1
SqnTM
∞⊗
n≥1
SqnT
∗
M

 , (8)
and the integral (7) can be expanded as
χ(M ; q, y) = χy(TM) + q
{
d⊕
s=0
[
(−y)s+1χ
(∧s
TM ⊗ TM
)
+(−y)s−1χ
(∧s
TM ⊗ T
∗
M
)
+ (−y)sχ
(∧s
TM ⊗ (TM ⊗ T
∗
M)
)]}
+O(q3/2),
(9)
where we used formula (7). Note that the elliptic genus was independently
introdiuced in [11, 12]. For q = 0 the elliptic genus reduces to a weighted
sum over the Hodge numbers, namely χ(M ; 0, y) =
∑
p,q(−1)
p+qyp−
d
2hp,q(M).
If χ(HZn(n); q, y) admits the extension χ(H; q, y) =
∑
m≥0,ℓ C(nm, ℓ)q
myℓ,
the following result holds (see Ref. [1, 13]):
∑
N≥0
pNχ(SNHZn(n); q, y) =
∏
m≥0,ℓ
(
1− pqmyℓ
)−C(nm,ℓ)
, (10)
3
∑
N≥0
pNχ(SNM ; q, y) =
∏
n>0,m≥0,ℓ
(
1− pnqmyℓ
)−C(nm,ℓ)
. (11)
Here p = e[ρ], ρ and τ determine the complex Ka¨hler form and complex
structure modulos of T 2 respectively, and z parametries the U(1) bundle on
T 2. The logarithm of the partition function Z(p; q, y) is the one-loop free
energy F (p; q, y) for a string on T 2 ⊗M :
F (p; q, y) = logZ(p; q, y) = −
∑
n>0,m,ℓ
C(nm, ℓ)log
(
1− pnqmyℓ
)
=
∑
n>0,m,ℓ,k>0
1
k
C(nm, ℓ)pknqkmykℓ =
∑
N>0
pN
∑
kn=N
1
k
∑
m,ℓ
C(nm, ℓ)qkmykℓ. (12)
The free energy can be written as a sum of Hecke operators TN [14] acting
on the elliptic genus of M [1, 15, 16]: F (p; q, y) =
∑
N>0 p
NTNχ(M ; q, y).
II. The goal now is to calculate an asymptotic expansion of the elliptic
genus χ(SNM ; q, y). The Laurent inversion formula has the form
χ(SNM ; q, y) =
1
2πi
∮
Z(p, q, y)
pN+1
dp, (13)
where the contour integral is taken on a small circle about the origin. Let
the Dirichlet series
D(s; τ, z) =
∑
(n,m,ℓ)>0
∞∑
k=1
e[τmk + zℓk]C(nm, ℓ)
nsks+1
(14)
converges for 0 < ℜ s < α. We assume that series (14) can be analytically
continued in the region ℜ s ≥ −C0 (0 < C0 < 1) where it is analytic except
a pole of order one at s = 0 and s = α with residue Res[D(0; τ, z)] and
Res[D(α; τ, z)] respectively. Besides let D(s; τ, z) = O(|ℑ s|C1) uniformly in
ℜ s ≥ −C0 as |ℑ s| → ∞, where C1 is a fixed positive real number. If
t ≡ 2π(ℑρ − iℜρ) then the Mellin-Barnes representation of the function
F (t; τ, z) gives
M[F ](t; τ, z) =
1
2πi
∫
ℜ s=1+α
t−sΓ(s)D(s; τ, z)ds. (15)
The integrand in Eq. (17) has a first order pole at s = α and a second order
pole at s = 0. Shifting the vertical contour from ℜ s = 1 + α to ℜ s = −C0
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(this procedure is permissible) and making use of the residues theorem one
obtains
F (t; τ, z) = t−αΓ(α)Res[D(α; τ, z)] + lim
s→0
d
ds
[sD(s; τ, z)]
−(γ + log t)Res[D(0; τ, z)] +
1
2πi
∫
ℜ s=−C0
t−sΓ(s)D(s; τ, z)ds. (16)
The absolute value of the integral in (16) can be estimated to behave as
O ((2πℑ ρ))C0 .
We are ready now to state the result, which follows in a similar way from
the Meinardus main theorem [17, 18, 19]. In the half-plane ℜt > 0 there
exists an asymptotic expansion for Z(t; τ, z) uniformly in |ℜρ| for |ℑρ| →
0, |arg(2πiρ)| ≤ π/4, |ℜρ| ≤ 1/2 and given by
Z(t; τ, z) = e
[
1
2πi
{
Res[D(α; τ, z)]Γ(α)t−α − Res[D(0; τ, z)]logt
−γRes[D(0; τ, z)] + lim
s→0
d
ds
[sD(s; τ, z)] +O
(
|2πℑτ |C0
)}]
. (17)
The asymptotic expansion for the elliptic genus has the form
χ(SNM ; τ, z)N→∞ = C(α; τ, z)N
(2Res[D(0;τ,z)]−2−α)/(2(1+α))
×e
[
1 + α
2πiα
(Res[D(α; τ, z)]Γ(1 + α))1/(1+α)Nα/(1+α)
] [
1 +O(N−k)
]
, (18)
C(α; τ, z) = {Res[D(α; τ, z)]Γ(1 + α)}(1−2Res[D(0;q,y)])/(2+2α))
×e
[
1
2πi
(
lim
s→0
d
ds
[sD(0; τ, z)]− γRes[D(0; τ, z)]
)]
[2π(1 + α)]1/2 , (19)
where k is a positive constant (see for detail Refs. [19, 20, 21]). In above for-
mulae the complete form of the prefactor C(α; τ, z) appears. The result (18),
(19) has an universal character for all elliptic genera associated to Calabi-Yau
manifolds.
Finally we go into some facts related to orbifoldized elliptic genus ofN = 2
superconformal field theory. The contribution of the untwisted sector to the
orbifoldized elliptic genus is the function χ(M ; τ, z) ≡ φ(τ, z) ≡ 0
0
(τ, z),
whereas
5
φ(
aτ + b
cτ + d
,
z
cτ + d
)
= 0
0
(τ, z)e
[
rcz2
cτ + d
]
,
(
a b
c d
)
∈ SL(2, Z), (20)
r = d/2. The contribution of the twisted µ− sector projected by ν is [9]:
ν
µ
(τ, z) = φ(τ, z + µτ + ν)e
[
d
2
(µν + µ2τ + 2µz)
]
, µ, ν ∈ Z. (21)
The orbifoldized elliptic genus can be defined by
φ(τ, z)orb
def
=
1
h
h−1∑
µ,ν=0
(−1)P (µ+ν+µν) ν
µ
(τ, z), (22)
where P, h are some integers. Using transformation properties (21) in Eqs.
(18), (19) one can obtain the asymptotic expansion for the orbifoldized ellip-
tic genus. In fact we can introduce a procedure, starting with the expansion
of the elliptic genus of the untwisted sector, to compute the asymptotics of
the elliptic genus of the twisted sector.
III. Let T and U are the Ka¨hler and complex structure moduli of the
torus T2. The Narain duality group SO(2, 3; Z) is isomorphic to Siegel mod-
ular group Sp(4, Z) and it is convenient to combine the parameters T, U and
a Wilson line modules V into 2 ⊗ 2 matrix belonging to Siegel upper half
plane of genus 2
Ω =
(
T V
V U
)
, ℑT , ℑU > 0, det(ℑΩ) > 0. (23)
One can use Θ-transform [22, 23], which converts the K3 elliptic genus
χ(K3; q, y) =
∑
m,ℓ C(4m − ℓ
2)e[mτ + ℓz] to the automorphic form [16, 24,
25, 26, 27]
Φ(T, U, V ) = e[T + U + V ]
∏
(n,m,ℓ)>0
(1− e[nT +mU + ℓV ])C(4nm−ℓ
2) . (24)
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This form is the denominator product for the GKM based on the Cartan
matrix
A =

 2 − 2 − 2−2 2 − 2
−2 − 2 2

 . (25)
A counting formula for the degeneracies of a black hole preserving 1/4 of the
supersymmetry of the background IIA/K3⊗T 2, or heterotic/T 6 is presented
in [13]. The degeneracies for the supersymmetric black holes with (electric,
magnetic) charge vectors q = (qe, qm) ∈ II
6,22 ⊕ II6,22 have the form
d(qe, qm) =
∮ e [1
2
q · Ω · qt
]
Φ(T, U, V )
dTdUdV . (26)
Let us expand the integrand of Eq. (26) as a formal Fourier series expan-
sion
e
[
F(Ω)
2πi
]
≡
e[T + U + V ]
Φ(Ω)
=
∑
(n,m,ℓ)
D(n,m, ℓ)e[−(nT +mU + ℓV )], (27)
where (n,m, ℓ) are integers. Let
D1(s;n,m) =
∑
ℓ
C(nm, ℓ)
ℓs
, D1(s;n) =
∑
m
Res[D1(α3;n,m)]
ms
,
D1(s) =
∑
n
Res[D1(α2;n)]
ns
(28)
be the Dirichlet series which converges for 0 < ℜ s < αj (j = 1, 2, 3). We
assume that the series D1(s;n,m),D1(s;n) and D1(s) have poles of order one
at s = α3, α2 and α1 respectively. We assume also that for r ∈ Z+ the series
D2(s;−r) =
∑
n
D1(−r;n)
ns
, D2(s;n,−r) =
∑
m
D1(−r;n,m)
ms
,
D2(s; β2,−r) =
∑
n
Res[D2(β2;n,−r)]
ns
(29)
converges for 0 < ℜ s < βj and have poles of order one at s = β1, β2 and β3
respectively.
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If F(Ω) satisfy the expansion (27) and e[−(T+U+V )] ≡ exp[W+X+Y ]
then it can be shown that
e
[
F(Ω)
2πi
]
= Res[D1(α1)]
3∏
j=1
Γ(αj)W
−α1X−α2Y −α3ζR(σ)
+O
(
max
{
X−α2Y α3 ,W−β1Y −α3 ,W−β3X−β2
})
, (30)
uniformly in {ℑW,ℑX,ℑY } as {ℜW,ℜX,ℜY } → 0. Here ζR(σ) is the
Riemann zeta function, σ = 1 + α1 + α2 + α3. For {n,m, ℓ} → ∞ one has
D(n,m, ℓ) ≃ I(n,m, ℓ)e

σ − 1
2πi

Res[D1(α1)] 3∏
j=1
Γ(αj)ζR(σ)
×
(
n
α1
)α1 (m
α2
)α2 ( ℓ
α3
)α3) 1σ , (31)
and
I(n,m, ℓ) =
∫
G
e
[
F(Ω) + i(nℑW +mℑX + ℓℑY )
2πi
]
d(ℑW )d(ℑX)d(ℑY )
(2π)3
,
(32)
G = {|ℜW |, |ℜX|, |ℜ Y | < ǫ < 1} . (33)
Using Eqs. (31) and (32) one can obtain the degeneracy for a given electric
and magnetic charge. The Eq. (31) gives an explicit counting formula of
the asymptotic of microscopic black hole states degeneracy and in particular
allows one to analyze the asymptotic growth in more directions. This result
is similar to the correct asymptotic growth as predicted from the macroscopic
entropy formulas of extremal dyonic black holes.
There are intriguing relations between string duality, the theory of gen-
eralized Kac-Moody algebras, and their associated automorphic forms. For
example, threshold corrections involve automorphic forms similar to those
associated to Kac-Moody algebras; black hole BPS states are counted by a
denominator product for a Kac-Moody algebra. In this note we used some
of these relations in order to give the correct asymptotic expansion for the
degeneracies. We hope that proposed calculation will be interesting in view
of future applications to concrete problems in string theory and in black hole
physics.
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